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Maturation of crack patterns
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Superficial(two-dimensiongl crack patterns appear when a thin layer of material elastically attached to a
substrate contracts. We study numerically the maturation process undergone by these crack patterns when they
are allowed to adapt in order to reduce its energy. The process models the evolution in depth of cracks in
geological formations and in starch sampl&olumnar jointing”, and also the time evolutiofver thousands
of yearg of crack patterns in frozen soils. We observe an evolution towards a polygonal pattern that consists
of a fixed distribution of polygons with mainly five, six, and seven sides. They compare very well with known
experimental examples. The evolution of one of these “mature” patterns upon reduction of the degree of
contraction is also considered. We find that the pattern adapts by closing some of the cracks and rearranging
those in the immediate neighborhood. This produces a change of the mean size of the polygons, but remarkably
no changes of the statistical properties of the pattern. Comparison with the same behavior recently observed in
starch samples is presented.
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I. INTRODUCTION cracks get filled with new ice and debris, and when tempera-

Consider a thin layer of a solid material elastically at-ture rises after winter the cracks tend to close. However, the
tached to a substrate. If the material contradisthe sub- €W material that filled the cracks is weaker than the old

strate expands elastic stresses appear in it. When thesd?€mafrost, and the next year cracks open almost on top of
stresses are sufficiently high, cracks can appear in the mati1€ “scars of first year cracks. However, small lateral varia-
rial, giving rise to a fragmentation process. Well known ex-tons €an occur from one year to the next. There are many

amples of this phenomenon are cracking on mud and paints€asons that can make a crack to be shifted laterally in one

In these cases the water evaporation produces the contracti {ection or the ofthe'r, ftrom onehyear to tht? ne'xtihMost tOf
of the material that is responsible for cracking. In other ese reason@s, for instance, inhomogeneities in the mate-

. - - . g . rials) are not expected to bias the shift of the crack in one
cases, as in the cracking of ceramic coatings, it is typically arti)cular directi%n. But there is at least one reason for a

the contraction upon cooling that generates the same ph rack to shift in a particular direction, and that is the ten-

nomenon. Fragmentation is known to p_ro'duce a tW.O'dency to reduce the energy of the crack pattern. In fact, from
dimensional pattern of cracks whose statistical propertieg giatistical point of view it is reasonable to expect the crack
have been studied experimentalty and theoreticallyf2].  pattern to adapt in order to reduce its energy. This tendency
With some variations depending on the particular case, thesgoyides a bias for the evolution of the crack pattern in per-
crack patterns are hierarchical structures, with youngemafrost that over thousands of years is able to qualitatively
cracks meeting older ones perpendicularly. Then most crackodify its appearanc@4]. In fact, after maturation, crack
joints are “T” shaped3], with the horizontal part being older joints become more Y shaped, as this form has lower energy
than the vertical part. than the T shaped original joints.

There is however a small number of remarkable cases in The second, better known and more remarkable example
which fragmentation crack patterns undergo a “maturation’of crack pattern maturation takes place in the case of colum-
process. This means that starting from a hierarchical pattemar jointing. It occurs in basaltic rocks when they cool after
as described above, cracks can adapt smoothly to optimizes expulsion in a volcanic evefi6], and also in desiccating
its configuration. This optimization process is driven by thestarch[7] driven by the shrinkage due to humidity loss. In
tendency of the crack pattern to reduce its mecharelak-  both realizations, a superficial pattern of cracks very much
tic plus crack energy. Special conditions have to be fulfilled like the one described in the first paragraph first develops in
for this maturation to take place. To modify a given crackthe material. But here, this crack pattern penetrates the ma-
pattern, cracks should be able to displace laterally, and thiterial as deeper parts of it co@r desiccate It is this pro-
implies typically the surmounting of enormous energy barri-gression into the interior that allows the maturation of the
ers(although the final state has lower energy than the origipattern to take place, now as a function of depth, reaching a
nal ong. Particular conditions make this lateral displacementpolygonal structure whose further advance defines prismatic
possible in(at least two different cases. columns. In this case there is no true lateral movement of the

One is the case of crack patterns formed on the ground afracks. But we will make the assumption that an effective
very cold regions of the eartf], and also in other planets description in terms of lateral movement can be given if we
[5]. In this case the frozen grounghamed “permafrosy” choose a reference system that moves with the penetrating
cracks when the rapidly fallen temperatures of winter makecrack front. The similarity between the results we will obtain
the surface contract with respect to lower parts of the terrainand those of the true three-dimensiorgaD) system will
This first crack pattern is of the kind described above. Theconfirm that this assumption makes sense.
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We use here a recently developed model of fracf8feo Fo(e)g
describe crack patterns in a two-dimensional material elasti- Fe) = W' 3
cally coupled to a substrate. In the original formulation of 0
this model cracks have to be pinned in some way in order t@yhere
avoid them to move laterallgsince typically this movement
is unphysica). Here instead, we take advantage of this move- Fo(e) =B(e, - e‘{)2 + ul (e, - e‘z))2 +(e3— eg)z], (4)
ment(driven by the tendency to minimize the energy of the
system to observe how an originally disordered pattern be-and B and n are related to the two-dimensional bulk and
comes polygonal during its maturation. We also investigateshear modulus of the materi@P.(r) are externally controlled
the way in which a stable polygonal pattern is modified whenfunctions that allow us to prescribe the locally preferred state
the degree of contraction is modified. We observe that somef the system, and(r) is anotherpositive) function that will
individual cracks disappegterminate, in the 3D language of be used to model some random inhomogeneities in the sys-
columnar jointing when contraction is reduced, giving rise tem. There is no particular significance in the exact form of
to local rearrangements in the pattern. This mechanism prahe free energy3), apart form the fact that it has to reduce to
vides a way to change the mean width of the columns as that of linear elasticity for small strains, and tends to a con-
function of depth in the basalt formations and in starch, andgtant for large strains. The chosen form is just a simple ana-
it has been observed to occur in this last case. We finish withytical interpolation between the two limits. The limiting
a discussion on what the typical width of columns in three-value f, of F for £ —% (assumingg=1) is related to the
dimensional formations is. crack energy in the model.
Regularization of cracks is provided by a gradient tégn

IIl. THE NUMERICAL MODEL in the free energy density, which we choose to be of the form

We use a technique recently develofp8pto treat fracture )
and cracks in the context of phase field modeljg The Fo= > «(Ve), 5)
free energy of the system is written in terms of the strain 1=1,2,3
tensore; = 1/2(oui/ o +ouj/ o), with u(r) being the local =\ p oo e have to choose,= a3 to retain rotational invari-
displacement field. We choose the form of the free energy i nce

such a way that it reduces to th? no_rm_al elastic energy for An additional ingredient that has to be added here with
small strains, but for large strains it is able to describe

. . . respect to the basic model of R¢8] is the inclusion of the
cracks. This is achieved by a saturation of the free energy o Iagtic energy densitf,, of the ssgem attached to the sub-

the syste;nt for large Valtt.jes ?fit' Thed'.ndltjs'o? mdthe free strate. In terms of the displacement variableghis elastic
energy of terms proportional to gradients ©fproduces a energy can be written in the form

smoothing of cracks, which although artificial, is however
very important to us. On one hand it makes the description
isotropic and insensitive to the numerical mesh we use in the J d’rF g = 'yJ dr|u(r)|?,
calculation(as long as the discretization is much thinner than

the smoothing distance of the fractur®n the other hand it
allows the crackgthat in the regularized theory could be

pictorially described as “solitony1o move around the sys- variables, we have to recast this energy in terms of these.

tem to find configurations of lower energy. This wandering—, . ) ; ; ;
will model the maturation of the crack pattern. The free en—ThIS can be easily done in the Fourier space, and the resuitis
[Bx(K)[* + [Bs(k) 2

ergy is taken to be rotationally invariant, in order to describe
cracks in an isotropic material. f d’rFg =y | d% 5
To write down explicitly the equations we actually solved k

in our two-dimensional geometry, we first introduce the fol- - . -
lowing notation for the independent components of where€ (k) are the Fourier transforms of the origira(r).
[10,11: The equations of motion are taken to be of the overdamped

form, namely,

(6)

where v measures the stiffness of the interaction with the
substrate. As we take the componentsedb be our basic

)

e = (e11+ 82912,

de(r) __ ok .
& = (11~ £29)/2, at )\5¢3|(r)(I 1.2.3, ®)

€3= &15= &1, (1)  where
which are named, respectively, the dilation, deviatoric, and )
shear components. These three variables are not independent. F=] dr(F+Fe+Fy). (9)
They satisfy the St. Venant compatibility constraih©,17
(P Pa _ The St. Venant constraint is implemented by using a
(F+ G)er = (d = dy)er = 20,0,83=0. 2) Lagrange multiplier. No thermal disordérangevin term is
The free energy density is included and then the dynamics is fully deterministic.
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FIG. 1. Appearance of a typical fragmentation pattern during the
first stage of the evolution. The time scatgs given by 7 '=\B. FIG. 2. Maturation of the fragmentation pattern at longer times
The contraction imposed 5=0.7. (note the change in time intervals with respect to previous figure
The lateral displacements of cracks allow the system to reach a
1Il. RESULTS stable statgbottom righy which is a local energy minimum. The

size of the hexagon in the perfect pattern that corresponds to the
We did the simulations on a square mesh of EB12 absolute minimum of the energy is indicated.

elements, using periodic boundary conditions. Starting froMayiqn pattern. During a second stage the maturation of the
the configuratiore, (r)=e,(r)=es(r)=0 we simulated a uni- - haern occurgFig. 2). This is observed as a progressive
form and abrupt contraction of the system by taka{(r) |ateral displacement of the cracks towards a configuration of
=¢, €)(r)=0, &,(r)=0, c=0.7. We introduce also a finite dis- lower energy. It is necessary to emphasize again that in stan-
order, takingg(r) in Eq. (3) to be a random function on the dard fragmentation processes this maturation cannot take
lattice, uniformly distributed between 0.75 and 1.25. Weplace, as cracks cannot move from their positions. In our
keepB and the mesh discretizatia®x as scale-fixing param- numerical model cracks can in fact move laterally, since this
eters, and take u=0.8B, «=0.8B&%i=1,2,3, y does notimply the surmounting of a large energy barrier.
=0.0028/5x%, and f,=0.98. Under these conditions we The lateral movement of cracks in our model is, however,
solve the evolution equations. We see in Figs. 1 and 2 snapather slow compared to its nucleation, and that is why it is
shots of the time evolution of the system. The figures argiot seen on the time scale of the nucleation stage. We stress
done by marking the points in whick, > e, whereegy, is  that we are not forcing the crack pattern to become polygo-
some constant threshold value. To make sense, this valu®l, or cracks to terminate onto other cracks, it is the system
must be chosen in such a way that according to our definitioitself that prefers this kind of configuration as this reduces its
of the free energyEgs. (3) and (4)], the system is intact energy. The final, stable pattern is that at the bottom right of
(elastig for e;<¢;, and broken fore; >e;,. We have chosen Fig. 2. It corresponds to a relative minimum of the energy of
e,=0.5, and verified that the results do not change apprecighe system, the absolute minimyifior g(r)=1] being a per-
blly when usingey,=1. In this way we are basically plotting fect hexagonal pattern with a polygon siglculated nu-
the cracks present in the system. It is important to note thaterically with the same modgehs indicated also in Fig. 2.
due to the finite value oty, broken elements do not form Contrary to what happens in the nucleation stage, the evolu-
strictly one-dimensional “strings” in the system, but theytion during the maturation process is essentially independent
clusterize, making cracks acquire a finite width, as it is ap-of the presence of inhomogeneitigd also independent of
parent in the pictures. This is a crucial point to simulate arthe presence of some thermal ngisé/e have checked this
isotropic system. by repeating the maturation process starting from the last
We can distinguish two different stages in the temporalpattern in Fig. 1 but resetting the values of the functgn
evolution. During the nucleation stagéig. 1) cracks appear in Eq. (3) to one, namely, making the system structurally
rather disorderly in the system and propagate around. ThRomogeneous. The evolution observed in this case is equiva-
pattern that forms is very dependent on many details of théent to that in Fig. 2, indicating that local defects are irrel-
simulation, as, for instance, the amount of disorder preserdvant during the maturation stage.
[namely, the values of the functiair)]. This is the kind of The mature pattern contains mostly polygons of five, six,
pattern we have described in the Introduction as a fragmerand seven sides, and a small number with four and eight
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FIG. 4. Evolution of the mean areA of the polygons as a
function of the degree of contractior) whenc is reduced from
larger to smaller values, and ideal valdé of the area of polygons
in the perfect hexagonal pattern that minimizes the energy of the
system. There is a critical value of contractiém~0.42) below
which the uncracked configuration is the one with minimum energy.

thermal stresses in deeper parts of the material are lower than
close to the surface. Since a lower grade of contraction cor-
responds to an ideal pattern with larger polygons, we may
wonder what is the wayif any) in which one of our patterns
adapts to the new conditions. We present in Fig. 3 the results
of simulations when the extent on contractiotis reduced.

r\1/6\71/{3 see that there is an increase in the mean area of the

occur. To facilitate the visualization we plot also the immediatelyp()lygonS whert is reduced. The area increase is not homo-

previous pattern. For the first panel the previous pattern is the lad{SNeOUS OVer all polygons, but occurs du_e o the disappear-
one in Fig. 2. ance of particular crack segments, merging t@o threg

adjacent polygons into one. After the disappearance of the

sides. They are statistically very similar to those in real cocrack segments there is a local rearrangement of the pattern
lumnar formationgsee Fig. 5 below and Fig. 8 in R¢fl2]).  which adjusts to the new configurations. Those regions in
We note that the mean area of polygons for different numbewhich no crack disappear remain perfectly stable despite the
of sides follows a linear relation, known as the Lewis law, change in the contraction.
after he encountered it in other two-dimensional patterns The evolution of the mean area of the polygons as a
[13]. This law follows if the pattern is assumed to be maxi-function ofc is shown in Fig. 4 along with the ideal aré&
mally random[14]. of the hexagons in the perfect hexagonal pattern of minimum

The present results can be compared with those obtainezhergy. We see that the evolution tends to follow that of the
previously[12] using a phenomenological model for the en-ideal structure, although is always smaller thad [16].
ergy of the cracked material. The present approach is howWe note also that in the present model there is a critical value
ever much more general than that in R@f2]. Here, we are  of ¢ (~0.42 for which A diverges, and we expect the same
not assuming any phenomenological form of the energy as accurs for nonideal patterns. This happens because the elas-
function of the areas of the polygons, the energy of the systic energy per unit area gained when generating a polygonal
tem builds up from the free energy presented in the preced:rack pattern decays very rapidly when the size of the hexa-
ing section. In addition, crack segments are not forced hergons increases sufficiently. The sum of this elastic energy
to be straight, and in fact we can see in the last panel of Figplus fracture energy may not have a minimum with respect to
2 that some of them are slightly curved. The curvature occurghe area of polygons if the degree of contractoris too
particularly when there is a large difference between the arsmall. Note that the same does not apply to a real three-
eas of polygons on both sides of the crack segment, alwaydimensional columnar cageee the following section
curving it in the direction in which areas tend to be closer. It is remarkable that the statistical properties of the pattern
The reason for this is again energetic: slightly curving ado not change appreciably during this relaxation stage. In
crack does not pay much crack energy, but produces a gain Ifig. 5 we see that despite a change in the mean area by more
elastic energy if the areas of the two adjacent polygons tenthan 50%, statistical distribution of polygons by number of
to become closer to each other. This curvature has been Bides and areas remains constant within numerical fluctua-
fact observed to occur in a full three-dimensional calculatiortions associated to the finite size of the systiglii]. Note
for a simple geometry15]. that it is precisely the “imperfection” of the crack pattern that

An interesting problem to be investigated with the presentnakes possible the adaptation of the mean area to a condi-
model is the way in which a stable polygonal pattern changetion of lower contraction. For a perfect hexagonal pattern it
when there are changes in the parameters that control the impossible to find a way to adapt the pattern slightly and
extent of contraction. As an outcome of this analysis we willobtain another hexagonal pattern with slightly larger polygon
get an idea of the expected evolution of the patterns down iarea. In our case the mean area of the pattern is increased by
the columnar formatiotiafter the first maturation since the  making some crack segments between polygons disappear.

FIG. 3. (Color onling Evolution of the mature pattern of Fig. 2
(bottom righy upon reduction of the extent of contractionNote
the disappearance of some cracks and the local rearrangement t
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1 ' ‘ ' we assume to be dependent only on depiassing more or

@ less steeply fronTy at z— —o0 to T;>Ty atz—, in such a

A way that a temperature front can be defined. At timé the
/\ temperature front is assumed to be located=ad. We wiill

# ) consider the idealized case in which the temperature profile

is rigidly displaced towards the interior as a function of time,

2 lmm =062 ® with some fixed velocity, namely,T(z,t)=T(z-vt). We as-
©---0¢=0.58 A sume that a stable polygonal pattern of fractures has formed,
M and that its front is located at some depgh which moves
down locked to the temperature profile, namelysz +ut,
, wherez measures the relative position of the crack pattern
6 7 8 and the temperature profile. The valuezptdepends mainly
number of sides - .
on the typical size of the pattefrand the overall temperature
FIG. 5. () Frequency of polygons with different number of difference AT=T,-T,. A previous stability analysis has
sides andb) mean area of polygons with different number of sides Shown in a simplified casgl8] that under the present con-
(normalized to the mean area of all polygdfsr patterns obtained —ditions, patterns with different can propagate in a stable

frequency
>

mean area

4 5

by reducingc. manner, withz, being a decreasing function of namely,
larger patterns are more retarded with respect to the tempera-
IV. THE PROBLEM OF THE TYPICAL COLUMN WIDTH ture front. However there is a limit to this stable propagation.
IN COLUMNAR FORMATIONS If I or AT are too small, the crack front becomes unstable:

not all cracks can propagate. It is tempting to argaed this

The two-dimensional model we have studied is perfectlyis also based upon what is observed in three-dimensional
well defined, and provides values for the size of the polygonstarch samples, see belpthat in this case some crack seg-
in the ideal hexagonal pattern that minimizes the total energynent will remain halted, and the rest of the pattern propa-
of the system. We want to comment at this point to whatgates. In this wayl is effectively increased and the crack
extent these two-dimensional results can be applied to thigont becomes closer to the temperature front, in such a way
full three-dimensional columnar problem. For a straightfor-that the new pattern is now stable. In a situation in whidh
ward application to be possible, the elastic energy stored in decays smoothly with tim@éwhereas at the same time the
columnarly cracked three-dimensional material should béront penetrates the materialve may expect that the pattern
stored in a layer around the crack front of thicknegsin  will always be located at the valug, that marks the limit
such a way thatv is much smaller than the typical column between stable and unstable propagation. This is the condi-
width | (1 ~Al2). If this is satisfied, the two-dimensional de- tion that determines the size of the columns in terms of the
scription is directly applicable. The only consideration to betemperature profile, the elastic properties of the material and
made is that two-dimensional variables have to be scalethe crack energy. For the case of a sharp temperature jump
from the three-dimensional variables usiwg For instance, and generalizing the two-dimensional expressions for elastic
the effective crack energy per unit lengihand elastic con- and fracture energy in Refl18], we obtain that the crack
stantsB and u of the two-dimensional description are ob- front is located precisely at the border between stable and
tained from the real three-dimensional values vag®P), unstable regions wheB(aAT)?l/ 5 is some constant value
wB®P, and wuCP). Unfortunately the conditionw<I is  of order unity(this value is not easy to calculatdlere « is
never satisfied. In fact, the elastic energy of a columnar forthe thermal expansion coefficient aBdis a typical elastic
mation is stored in a portion of thickness=| around the constant of the material. From here we obtain the typical
crack front[18]. The coincidence of the statistical properties width of the columns as
of our two-dimensional patterns and those in true three-
dimensional cases indicates that these properties are robust
with respect to this difference. However, the calculation of
the ideal size of the perfect hexagonal patte@and then an
estimation of the typical size of nonperfect real pattgtres  The typical size is then positively correlated to the crack
to be reconsidered for the three-dimensional case. In fact, ienergy and negatively correlated with the elastic stiffness of
our two-dimensional model, in which a layer of material is the material, both facts being qualitatively reasonable. The
attached to a substrate, there is an ideal hexagonal pattern sizel is also proportional to the negative second power of the
well-defined polygon size that minimizes the energy of thetemperature jump responsible for cracking. We should keep
system. The application of the same principle of minimizingin mind, however, that this result is valid only for the as-
the total energy leads in the three-dimensional case to nhonsumed sharp step form of the temperature profile. In other
sense: the contribution of the fracture energy to the totatases we should search for the critical position of the crack
energy is always much larger than the elastic contribution. Aront z,, along the lines used in Ref18]. Note thataAT
minimum can only be obtained with no cracks at all. plays in three dimensions the role of the degree of contrac-

The correct way to pose the problem of the typical size oftion ¢ in our simulations. The preceding formula indicates
the polygons in three dimensions is the following: in thethat the typical size of polygons diverges only wheaT
three-dimensional case, we have a temperature profile that0, contrary to the critical value of we found in two

| = kg(aAT)‘z. (10)
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dimensiongsee Fig. 4. This would indicate that if the driv- lowed to adapt to find configurations of minimum energy.
ing force for cracking is slowly reduced when going deeplyThe original cracks appear in a rather disordered way, but the
into the materialas may occur due to the higher difficulty to pattern naturally evolves towards a polygonal configuration
expel heat—or humidity in starch—through the upper matewith well defined statistical properties. We argue that this
rial) the size of the pattern should adapt by increasing theimaturation process occurs in crack patterns on the ground of
typical size, but it would never stop abruptly. arctic regions(permafrost and effectively in the columnar
Recent tomography experiments in starch sampl®$  iointing of basalts and starches, as a function of depth. Our

show that termination and rearrangement of cracks seem o el allows also to study the evolution of mature polygonal

be in fact the. main mechanism by which the polygqnal pat.'patterns when the extent of contraction is reduced. We have
tern evolves in depth. In starch samples the humidity gradi

ents are expected to be reduced when going deeper into tf&ound that in this case the patterm adapts by clositeymi-

. . . %ting” in the three-dimensional interpretatjisome cracks
sample, and that is why the typical width of the COIumnSand rearranging those cracks in the immediate neighborhood
tends to increase. However, a quantitative verification of ging 9 '

relation such as Eq10) (or the equivalent one for a more al'h|s evolution has been recently observed to occur in starch

realistic time dependent temperature or humidity prpfite sample§. Although it does not contain all features of the full
not possible at present as it would require the in situ deterihré€-dimensional problem, our approach produces patterns
mination of the temperature profile under which the crackf very good statistical agreement with real ones. The issue

thickness as a function of depth. yond the reach of the two-dimensional model, and we have

provided for this case a plausible description that relates the
V. CONCLUSIONS typical size of the polygons with the elastic and thermal
We have studied numerically the formation and maturaProperties of the material, and with the details of the tem-
tion process of a two-dimensional crack pattern that is alferature profile.
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